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Making the substitutions and eliminating A, B, we find 
mp" (1+7") — Le (1—9*)*,  — Myer (1- 7") | =0, 
— Myer (l—r’), mp* + Le'r’ (1 — x*) 
or 
m'p‘ (1 + r*) + 2mp Lr*r* (1 — r°) — Lert (1 — r")? 
— M'et (1—7’)’=0. 
For stability, the values of p’ must be positive, and this 
leads to the condition 
Dk’ (r?—1) > My’, 
Now r=1 corresponds merely to displacement of the ring 


as a rigid body, 
The necessary condition for stability is therefore 


80 that the total twist must be less than 
2 (3) 7 L|M. 
If the cross-section is circular, 
LE 
HM 2%! 
where £ is Young’s modulus and wu is the rigidity modulus. 


For metals E= $y» about, and in this case the total twist 
must be less than 27 x 2.16. 


ON THE EQUATION 2"-1=0. 
By Prof. Cayley. 


WRITING pcos + i cin , I carry the solution up to 
the determination of the periods each of two roots, p+ p", 
=2 cos, &c. The expressions contain the radicals 

a=(17), b= {2 (17 —a)}, c= y {4 (17 + 3a) —2 (3 +a) b}, 


where a, b, c are taken to be positive (a=4'12, b=5'07, c= ph 
Taking for a moment r to be any imaginary seventeent 

root, r = p°, then the algebraical expression for the period P, 
of eight roots is P, = 4 (— 1 + a), but I assume the value to be 
P,=4(-1+a), and thus determine @ to denote some one of 
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the values 1, 2, 4, 8,9, 13, 15, 163 similarly, I assume the 
value of Q, tobe =4(— 1 +a+b); and thus further determine 
O to denote some one of the values 1, 4, 13, 16: and, again, 
I assume the value of R, to be =4(—1+a+6+c), and thus 
further determine @ to denote one of the values 1 and 16. 
As regards the values of the periods R, it is obviously 
indifferent which value is taken, and I assume therefore 
@=1. This comes to saying that the signs of the radicals 
are determined in suchwise that r shall denote the root 


Me T ar ¢ 
cosy + esin eT and it is to be understood that r has this 


value. 
I write now 


Pr +r pr gp rPgrhgrgr +r, 
P= +r? 47° tr grt tr tre tr’, 
Qar +r’ +r’ tr, 
Q= +rž +75 +r, 
Q, =r +7 odi 
Q, =r" + pt yt + "i 


R=r +r", 
Rear +7, 
R =r +r, 
R =r ay 
Rear +r", 
Rar +r?, 
Ry=r’ +r’, 
Rar tr, 
and moreover 
Gg P-P; 
b=2(0,-@) 
+5,=2(Q,- Qh 
c=4(R- R) 


-0,54 (2,- 2), 
+¢,=4(R,-&,), 
iene Bip 
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It will appear by what follows that a is determined by the 
quadric equation a*=17, but I have assumed that a denotes 
the positive root a=1/(17); similarly b is determined by the 
pae equation b= 2 (17 —a), but it is assumed that b 

enotes the positive root, b=y{2 (17 —a)}; and c is determined 
by the quadric equation c°= 4 (17 + 3a) — 2 (3 +a)b, but it is 
assumed that c denotes the positive root, 


= {4 (17 + 3a) - 2 (3 + a) b}. 


If in the equations I had written ,, c, ¢,, c, (instead of +5., 
— C +C, —¢,), then b, comes out rationally in terms of a, b; 
and C,» Cy C, come out rationally in terms of a, b, c; the signs 
were attached to them à posteriori, in suchwise that the values 
of b., C C C, might be each of them positive; for their inde- 
pendent determination, we have in fact for 5,’ an expression 
such as that for 6’; and for c,", c,’, c, expressions such as that 
for c’; and taking as above for each of them the positive value 
of the square root, we have 


a =4(17), (= 412), 
V2 (I7-2)}, (= 507), 
V{2 (17 +a)}, (= 6°49), 

4(17+8a)-2( 3+a)b}, (= 6-72), 


V{4(17+8a)+2( 3+a)b}, (=18-77), 
V{4(17—3a)+2(-3+a)b}, (= 5°75), 
c = [4 (17 — 3a) ~2(—3 +a) b}, (= 2°02). 


8 


b =y{ 
b=] 
c =f 
a=74]{ 
a={ 


The relations between the periods P are 


P+P,=-1, 
p 2 a 
Py-P+4| -4 a= 
SS a| 17 | 
Je —-P,+4 TER 


that is P=- P, +4, &e.; a’?=17. 
Here for the second square we have 


a’ =(P, -PY =P +E - 2PP=(-P, +4) +(—P, +4) +8, 
=—P—P,+16,=17; 


and similarly in the other cases which follow. 
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For the periods Q, we have 


Q, + Q, ~ Po 
Q, + Q, a Pp 
Q, Q, Q, Q, 
1 Q,+2 Q,+4 =i 2 Q+ Q,+ Q, Q,+ Q,+2 Q, 
2 Q,+2 Q,+4 Q,+2 Q,+4 Q,+2 Q,+ Q, 
', 2Q,+Q,+4 —1 
Q, 2Q,+ Q,+4 
b b, 
b | 34- 2a 8a 
b, 34+ 2a 


so that bb, = 8a, or b, is given rationally in terms of a, b. 


h 


s 


b D ol 


b B MB 


k> 


And for the periods #, we have 


R, +R,=Q,, 
R 3 F R PE Q, , 
R, + R= Q., 
R, I R, = Q, ’ 
R, R, R, J R, kh ē kR R 
R2 RB, B+B, R +R, Rk, RAR, RR, RAR, 
Byt2 |RAR | RAR, | Rte, |R +R, |E tR, R+, 
R +2 |R+B,|R+R,| R +R,| R, +R,| R+B, 
R,+2 |RAR,| BAR, | RAR, | RAR, 


| 2 | | | | | | — 
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where observe that the overlined terms R +R, R+ Ry Riot R, 
and K, + Ry have the values Q, Q,, Q, Q respectively, and 


e ĉi Cy Cy 
© | d(7+sa)—2[84a)b s+) |  aQa-iFb) AC 2a4b4b,) 
¢, 4(1748a)+2(8+a)b 4(2a-+b-+5,) 4(2a+b—6,) 


~ /4(17—8a)+2(—34a)8,|_8(—+8,) 
| UTBa, 
in which last table 6, may be considered as denoting its 
value =F: so that c, C, c, are each given rationally in 
terms of a, b, ¢. 

And from the foregoing results, we have 


Cz 


C; 


P =} (1+0), = 1°56, 
Powe =~ 2°56, 
Q=2(-1+a+d), = 205, 
Q,=4(-1+a-9), = — 0°49, 
Q@,=t(-1-a+4,), = 0°34, 
Q,=}(-1-a-4), = — 2°90, 
n T E 
R,=ġ(-1+a+b -c), = 018, 
B Seea ata ely A 
R,=ġ(-1+a-b +¢), = 1°47, 
F,=4(-1-a+b,+¢), = 08, 
fh, =3(-1-—a+6,-¢,), =- 0.55, 
R,=%$(-1-a-6,-¢,), =—1°70, 
R,=3(-1-a-6,+¢,), =—1:20 


The approximate numerical values have been given 
throughout only for the purpose of showing that the signs of 
the square roots have been rightly determined. 


QUATERNION PROOFS OF THEOREMS 
RELATING TO ASYMPTOTIC LINES. 


By T. Motoda. 
I HAVE proved in a simple way some theorems in Geo- 
metry, concerning asymptotic lines, by the use of the 


quaternion analysis as follows: f 
Let p be the vector of an asymptotic curve of the surface 


Svdo =Q; then Svdp =0, or v is perpendicular to dp. Along 
the curve two consecutive normals of the surface are parallel, 
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